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Lecture-30

Line Integral



Unit 6: Vector Calculus-II

(Book: Advanced Engineering Mathematics by Jain and Iyengar,Chapter-15)

Topic:

Vector Integral Calculus

Learning Outcomes:

1. To calculate Line integral w.r.t to an arc length

2. To calculate Line integral of a vector field (Work Done)



Line Integral w.r.t an Arc Length

Let the parametric representation of curve 𝐶 be:

𝐶: 𝑥 = 𝑥 𝑡 , 𝑦 = 𝑦 𝑡 , 𝑧 = 𝑧 𝑡 ; 𝑎 ≤ 𝑡 ≤ 𝑏.

Let 𝑓(𝑥, 𝑦, 𝑧) be a scalar field function.

Then line integral of scalar function 𝑓 over curve 𝐶 w.r.t arc length 𝑠 is given by:

𝐼 = 𝐶׬ 𝑓 𝑥, 𝑦, 𝑧 𝑑𝑠

= 𝑡=𝑎׬
𝑡=𝑏

𝑓(𝑥 𝑡 , 𝑦 𝑡 , 𝑧 𝑡 )
𝑑𝑠

𝑑𝑡
𝑑𝑡

= 𝑡=𝑎׬
𝑡=𝑏

𝑓(𝑡)
𝑑𝑥

𝑑𝑡

2
+

𝑑𝑦

𝑑𝑡

2
+

𝑑𝑧

𝑑𝑡

2
𝑑𝑡



Problem 1. Evaluate ׬𝐶 𝑓 𝑥, 𝑦, 𝑧 𝑑𝑠 where 𝑓 𝑥, 𝑦, 𝑧 = 2𝑥 + 3𝑦 and curve C is:

𝐶: 𝑥 = 𝑡, 𝑦 = 2𝑡, 𝑧 = 3𝑡, 0 ≤ 𝑡 ≤ 3.

Solution. 𝐶: 𝑥 = 𝑡, 𝑦 = 2𝑡, 𝑧 = 3𝑡

⇒
𝑑𝑥

𝑑𝑡
= 1,

𝑑𝑥

𝑑𝑡
= 2 ,    

𝑑𝑥

𝑑𝑡
= 3

𝑓 𝑥, 𝑦, 𝑧 = 2𝑥 + 3𝑦 ⇒ 𝑓 𝑡 = 2 𝑡 + 3 2𝑡 = 8𝑡

Then line integral of scalar function 𝑓 over curve 𝐶 w.r.t arc length 𝑠 is given by:

𝐼 = 𝐶׬ 𝑓 𝑥, 𝑦, 𝑧 𝑑𝑠 = 𝑡=𝑎׬
𝑡=𝑏

𝑓(𝑥 𝑡 , 𝑦 𝑡 , 𝑧 𝑡 )
𝑑𝑠

𝑑𝑡
𝑑𝑡

= 𝑡=𝑎׬
𝑡=𝑏

𝑓(𝑡)
𝑑𝑥

𝑑𝑡

2
+

𝑑𝑦

𝑑𝑡

2
+

𝑑𝑧

𝑑𝑡

2
𝑑𝑡



𝐼 = 𝑡=0׬
𝑡=3

8𝑡 1 2 + 2 2 + 3 2 𝑑𝑡

= 8 𝑡=0׬14
𝑡=3

𝑡𝑑𝑡

= 8 14
𝑡2

2 0

3

= 8 14
9

2
− 0

= 36 14 Answer.



Problem 2. Evaluate ׬𝐶 𝑓 𝑥, 𝑦 𝑑𝑠 where 𝑓 𝑥, 𝑦, 𝑧 = 𝑥2𝑦 and curve C is:

𝐶: 𝑥 = 3 cos 𝑡 , 𝑦 = 3 sin 𝑡 , 0 ≤ 𝑡 ≤
𝜋

2
.

Solution. 𝐶: 𝑥 = 3 cos 𝑡 , 𝑦 = 3 sin 𝑡

⇒
𝑑𝑥

𝑑𝑡
= −3 sin 𝑡 ,

𝑑𝑦

𝑑𝑡
= 3 cos 𝑡

𝑓 𝑥, 𝑦 = 𝑥2𝑦 ⇒ 𝑓 𝑡 = 3 cos 𝑡 2 3 sin 𝑡 = 27𝑐𝑜𝑠2𝑡 sin 𝑡

Then line integral of scalar function 𝑓 over curve 𝐶 w.r.t arc length 𝑠 is given by:

𝐼 = 𝐶׬ 𝑓 𝑥, 𝑦 𝑑𝑠 = 𝑡=𝑎׬
𝑡=𝑏

𝑓(𝑥 𝑡 , 𝑦 𝑡 )
𝑑𝑠

𝑑𝑡
𝑑𝑡

= 𝑡=𝑎׬
𝑡=𝑏

𝑓(𝑡)
𝑑𝑥

𝑑𝑡

2
+

𝑑𝑦

𝑑𝑡

2
𝑑𝑡



𝐼 = 𝑡=0׬
𝑡=

𝜋

2 27𝑐𝑜𝑠2𝑡 sin 𝑡 −3 sin 𝑡 2 + 3 cos 𝑡 2 𝑑𝑡

= 27 × 𝑡=0׬3
𝑡=

𝜋

2 𝑐𝑜𝑠2𝑡 sin 𝑡 𝑑𝑡

= 𝑡=0׬81−
𝑡=

𝜋

2 𝑐𝑜𝑠2𝑡 (−sin 𝑡) 𝑑𝑡

= −81
cos 𝑡 3

3 0

𝜋

2

= −27 cos
𝜋

2

3
− cos 0 3

= −27 0 − 1 = 27 Answer.



Line Integral of a Vector Field (Work Done)

Let us consider a vector field Ԧ𝑣 = 𝑣1 Ƹ𝑖 + 𝑣2 Ƹ𝑗+ 𝑣3 ෠𝑘

We write 𝑣(𝑡) = 𝑣1(𝑡) Ƹ𝑖 + 𝑣2(𝑡) Ƹ𝑗+ 𝑣3(𝑡)෠𝑘; 𝑎 ≤ 𝑡 ≤ 𝑏

Let curve 𝐶 is represented by:  Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗+z෠𝑘

We write 𝐶: 𝑟(𝑡) = 𝑥 𝑡 Ƹ𝑖 + 𝑦 𝑡 Ƹ𝑗+ z 𝑡 ෠𝑘

Then line integral of vector Ԧ𝑣 over curve 𝐶 given by:

𝐼 = 𝐶׬ Ԧ𝑣. 𝑑𝑟 = 𝐶׬ 𝑣(𝑡).
𝑑𝑟

𝑑𝑡
𝑑𝑡

= 𝑡=𝑎׬
𝑡=𝑏

𝑣1 𝑡 Ƹ𝑖 + 𝑣2 𝑡 Ƹ𝑗+ 𝑣3 𝑡 ෠𝑘 .
𝑑𝑥

𝑑𝑡
Ƹ𝑖 +

𝑑𝑦

𝑑𝑡
Ƹ𝑗 +

𝑑𝑧

𝑑𝑡
෠𝑘 𝑑𝑡

= 𝑡=𝑎׬
𝑡=𝑏

𝑣1 𝑡
𝑑𝑥

𝑑𝑡
+ 𝑣2 𝑡

𝑑𝑥

𝑑𝑡
+ 𝑣3 𝑡

𝑑𝑥

𝑑𝑡
𝑑𝑡 This also called as Work Done.



Problem 1. Evaluate ׬𝐶 Ԧ𝑣. 𝑑𝑟 where Ԧ𝑣 = 𝑥𝑦 Ƹ𝑖 + 𝑦2 Ƹ𝑗+ 𝑒𝑧 ෠𝑘 and curve c is given by:

𝐶: 𝑥 = 𝑡2, 𝑦 = 2𝑡, 𝑧 = 𝑡, 0 ≤ 𝑡 ≤ 1.

Solution. We write 𝐶: Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗+z෠𝑘 ⇒ 𝑟(𝑡) = 𝑡2 Ƹ𝑖 + 2𝑡 Ƹ𝑗 + 𝑡෠𝑘

⇒
𝑑𝑥

𝑑𝑡
= 2𝑡,

𝑑𝑦

𝑑𝑡
= 2,

𝑑𝑧

𝑑𝑡
= 1

Ԧ𝑣 = 𝑥𝑦 Ƹ𝑖 + 𝑦2 Ƹ𝑗+ 𝑒𝑧 ෠𝑘 ⇒ 𝑣(𝑡) = 2𝑡3 Ƹ𝑖 + 4𝑡2 Ƹ𝑗 + 𝑒𝑡 ෠𝑘

Then line integral of vector Ԧ𝑣 over curve 𝐶 given by:

𝐼 = 𝐶׬ Ԧ𝑣. 𝑑𝑟 = 𝐶׬ 𝑣(𝑡).
𝑑𝑟

𝑑𝑡
𝑑𝑡

= 𝑡=𝑎׬
𝑡=𝑏

𝑣1 𝑡
𝑑𝑥

𝑑𝑡
+ 𝑣2 𝑡

𝑑𝑥

𝑑𝑡
+ 𝑣3 𝑡

𝑑𝑥

𝑑𝑡
𝑑𝑡



𝐼 = 𝑡=𝑎׬
𝑡=𝑏

𝑣1 𝑡
𝑑𝑥

𝑑𝑡
+ 𝑣2 𝑡

𝑑𝑥

𝑑𝑡
+ 𝑣3 𝑡

𝑑𝑥

𝑑𝑡
𝑑𝑡

= 𝑡=0׬
𝑡=1

2𝑡3 2𝑡 + 4𝑡2 (2)+ 𝑒𝑡 (1) 𝑑𝑡

= 𝑡=0׬
𝑡=1

4𝑡4 + 8𝑡2 + 𝑒𝑡 𝑑𝑡

=
4

5
𝑡5 +

8

3
𝑡3 + 𝑒𝑡

𝑡=0

𝑡=1

=
4

5
+

8

3
+ 𝑒 − 0 + 0 + 1

=
37

15
+ 𝑒 Answer.



Problem 2. Evaluate ׬𝐶 Ԧ𝑣. 𝑑𝑟 where Ԧ𝑣 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + z෠𝑘 and  C is the line segment from

(1,2,2) to (3,6,6). Or.

Find work done by force Ԧ𝑣 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + z෠𝑘 in moving a particle from (1,2,2) to (3,6,6).

Solution.  Two point form of line C is given by:

𝑥−𝑥1

𝑥2−𝑥1
=

𝑦−𝑦1

𝑦2−𝑦1
=

𝑧−𝑧1

𝑧2−𝑧1
= 𝑡 (Say)

⇒
𝑥−1

3−1
=

𝑦−2

6−2
=

𝑧−2

6−2
= 𝑡

⇒
𝑥−1

2
=

𝑦−2

4
=

𝑧−2

4
= 𝑡

⇒ 𝑥 = 2𝑡 + 1, 𝑦 = 4𝑡 + 2, 𝑧 = 4𝑡 + 2, 𝑤ℎ𝑒𝑛 𝑥 = 1, 𝑡 = 0 𝑎𝑛𝑑 𝑥 = 3, 𝑡 = 1

So, 𝐶: Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗+z෠𝑘 ⇒ 𝑟(𝑡) = (2𝑡 + 1) Ƹ𝑖 + (4𝑡 + 2) Ƹ𝑗 + (4𝑡 + 2)෠𝑘

⇒
𝑑𝑥

𝑑𝑡
= 2,

𝑑𝑦

𝑑𝑡
= 4,

𝑑𝑧

𝑑𝑡
= 4



Ԧ𝑣 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + z෠𝑘 ⇒ 𝑟(𝑡) = (2𝑡 + 1) Ƹ𝑖 + (4𝑡 + 2) Ƹ𝑗 + (4𝑡 + 2)෠𝑘

Then line integral of vector Ԧ𝑣 over curve 𝐶 given by:

𝐼 = 𝐶׬ Ԧ𝑣. 𝑑𝑟 = 𝐶׬ 𝑣(𝑡).
𝑑𝑟

𝑑𝑡
𝑑𝑡

𝐼 = 𝑡=𝑎׬
𝑡=𝑏

𝑣1 𝑡
𝑑𝑥

𝑑𝑡
+ 𝑣2 𝑡

𝑑𝑥

𝑑𝑡
+ 𝑣3 𝑡

𝑑𝑥

𝑑𝑡
𝑑𝑡

= 𝑡=0׬
𝑡=1

2𝑡 + 1 2 + 4𝑡 + 2 (4)+ 4𝑡 + 2 (4) 𝑑𝑡

= 𝑡=0׬
𝑡=1

36𝑡 + 18 𝑑𝑡 = 36
𝑡2

2
+ 18𝑡

𝑡=0

𝑡=1

= 18 + 18 − 0 = 36 Answer.
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