MTH 166

Lecture-30

Line Integral




Unit 6: Vector Calculus-11

(Book: Advanced Engineering Mathematics by Jain and lyengar,Chapter-15)
Topic:

Vector Integral Calculus

L_earning Outcomes:

1. To calculate Line integral w.r.t to an arc length

2. To calculate Line integral of a vector field (Work Done)



Line Integral w.r.t an Arc Length

Let the parametric representation of curve C be:
C:x=x(t),y=y(t),z=2z(t); a<t<bh.
Let f(x,y,z) be ascalar field function.

Then line integral of scalar function f over curve C w.r.t arc length s is given by:
I=[. f(xy2)ds

= J,= [Fa@, v, z(0) 3 dt

(2O J(&) + () + ()| a




Problem 1. Evaluate [. f(x,y,z)ds where f(x,y,z) = 2x + 3y and curve C is:
C:x=t,y=2t,z=3t, 0t < 3.

Solution.C:x =t, y=2t, z=3t

dx dx dx
at "’ dt ' at

f(x,y,z) =2x + 3y = f(t) = 2(t) + 3(2t) = 8t

Then line integral of scalar function f over curve C w.r.t arc length s is given by:

[ =, feoy.2)ds = [, [, y(®), 2) Z| dt

(28 + () + (£)]ae




I= [ |8/ (D2 + (@2 + (3)2] dt

= 8V14 [ tdt

3

(42
= 814 |=

L2 1

-ovii-g

= 36V14 Answer.



Problem 2. Evaluate [. f(x,y)ds where f(x,y,z) = x*y and curve C is:

C:x =3cost,y=3sint,0 < tS%.
Solution. C:x = 3cost, y = 3sint
d . d
=>—x=—351nt, Z¥ — 3cost
dt dt

flx,y) =x%y = f(t) = (Bcost)?(3sint) = 27cos?*tsint
Then line integral of scalar function f over curve C w.r.t arc length s is given by:

=] fey)ds= [ |[Fa® y)s]d

= 12 () + ()




T
2

I = ftt:O 27cos?tsint [\/(—3 sint)? + (3 cos t)2] dt

t=— .
=27 X3 [_2cos’tsintdt

= —81 fttzg cos?t (—sint) dt

T
2

g1 [0

= 27 [(cos %)3 — (cos 0)3]

= —27(0 — 1) = 27 Answer.



Line Integral of a VVector Field (Work Done)

Let us consider a vector field ¥ = v,i 4 v,j+ v3k

We write v(t) = v, (£)1 + v, (O)j+ vs(Ok; a<t<bh
Let curve C is represented by: 7 = xi + yj+zk

We write C: r(t) = x(£) + y()j+ 2(D)k

Then line integral of vector v over curve C given by:

I=], bdr=][, [v(t).%] dt

= [ 22| + v @+ v3(0F). (L1 + 2+ Lk)] dt
— tt:; (v1 (t) ax _|_ v, (t) _+ v3(t) )] dt This also called as Work Done.



Problem 1. Evaluate fC 3. dr where B = xyi + y?j+ eZk and curve c is given by:
C:x =t%,y=2t,z=t,0<t<1.

-

Solution. We write C: 7 = xi + yj+zk = 1r(t) =t + 2t] + tk

U = xyi + y?j+ e%k = v(t) = 2t31 + 4t%j + etk

Then line integral of vector v over curve C given by:
> 7 - E’:
I=][. v.dr=], ’v(t)'E] dt

= [y [(”1 (t) — + v, (1) _+ v3(t) )] at

t=a



=2 [(m @5 + v 5+ v (05| de
= [ 1(@tH 2D + ) @)+ (eD)(D)]dt

= [ _ 0[4t4+8t2+e]d

- t=1
4 8

— 245 £ 843, et]
) 3 t=0

4 8
_E+§+6]—[0+0+1]

37
=1z + e Answer,



Problem 2. Evaluate fC . dr where ¥ = x{ + yj + zk and C is the line segment from
(1,2,2) to (3,6,6). Or.

Find work done by force ¥ = xi + yj + zk in moving a particle from (1,2,2) to (3,6,6).
Solution. Two point form of line C is given by:

X—X — zZ—Z
1 — Yy—=V1 — 1 — t (Say)
X2—X1q Y2—=V1 Z2—2Zq
x-1 y—-2 z-2 _

6—2 6-2

t

>x=2t+1, y=4t+2, z=4t+ 2, Whenx =1t =0and x =3,t =1)
So,C: 7=xi+yj+zk =7r(t)=Qt+ 1Di+ (4t +2)j + (4t +2)k

%:2, —:4.’ — =4
dt



= xi +yj +zk = r(t) = 2t + 1)i + (4t + 2)j + (4t + 2)k

Then line integral of vector v over curve C given by:
> 7 — 7 E’:
I=[. v.dr=], ’v(t).E] dt

= [0 (n(0 5 + v S+ va () )| e

= [ [(@t +1)(2) + (4t + 2)(4)+ (4t + 2)(4))]dt

_ 2 t=1
= [=[36¢ + 18]dt = [36% + 18t] — (18 + 18) — 0 = 36 Answer.
— t=0
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